In this paper we modify the standard DEA model by taking into account the series relationship of the multistages/processes within the overall process. Under this framework, the efficiency of the overall process can be decomposed into product of the efficiencies of four process cycles. This paper develops a multiplicative and additive multi-echelon efficiency measurement of supply chain. We first examine closed loop serial supply chain processes where each stage has its own inputs and at the same time uses carryover inputs from the previous stage. This is the case for all the intermediate echelons but not for the polar echelons. For instance, the first echelon that constitute the supplier stage do not have any carryover inputs as it is the polar echelon of the closed loop supply chain. We show that breaking down the production processes of supply networks for evaluation can generate more practical insights in how to improve the supply network performance.
Introduction
Supply chain falls in the domain of production management which includes series of activities such as product design, forecasting, organizing physical facilities, quality control, plant maintenance, materials management and the like. All these activities need to be organized and implemented that the firm should realize increased productivity. Figure 1 shows a simplified supply chain with a manufacturing example.
The supply chain is viewed from the perspective of a focal firm (Banker et al.(2005) ). Companies are shown in columns, called tiers, which are numbered in sequence from the focal firm. Purchased goods and services flow from upstream suppliers, through the focal firm, to downstream customers. For example, the cereal manufacturer shown in figure 1 is a member of the food distribution supply chain. In the early 1990s, as part of the efficient consumer response initiative, an industry-wide study was performed to identify opportunities to improve chain competitiveness. A key finding was that 104 days of finished-goods inventory filled the pipeline. Further, nearly 300 days were required to move product from the farm to the consumer (Morehouse and Bowersox (1995) ). The main reason for the large inventories and inefficient processes was that members of the supply chain viewed themselves as distinct entities and failed to work together to share information and speed the flow of product through the chain. The inefficiencies impose huge cost burdens in an industry that survives on small margin.
The objective of every supply chain is to maximize the overall value generated. The value a supply chain generates is the difference between what the final product is worth to the customer and the effort the supply chain expends in filling the customer's request. For most commercial supply chains, value will be strongly correlated with supply chain profitability. Supply chain profitability is the total profit shared across all the supply chain stages (Chopra and Meindl (2004) ). Supply chain is a sequence of processes and flows that take place within and between different stages and combine to fill a customer need for a product with an objective to maximize the overall value of a supply chain. Efficiency of a process is meaningful when a target process to be improved is determined by selecting a problematic process or an important process for increasing customer satisfaction.
The efficiency is determined by using a variation of frontier estimation especially data envelopment analysis (DEA) amidst multiple inputs and outputs. In particular, DEA methodology has proved to be powerful for benchmarking and identifying efficient frontiers especially for single producers or decision making units (DMU). Literature reviews, such as the excellent bibliography in (Seiford (1996) ), reveal that research examining the use of mathematical programming and associated statistical techniques to aid decision-making in supply chain benchmarking is lacking (Liang (2006) ) points out that traditionally most models (deterministic and stochastic) dealt with isolated parts of supply chain systems. There are some issues related to measuring the efficiency of a supply chain using DEA. The First is supply chain operations involve multiple inputs and outputs of different forms at different stages and second is that the performance evaluation and improvement actions should be coordinated across all levels of production in a supply network. A significant body of work has been directed at problem settings where the DMU is characterized by a multistage process; supply chains and many manufacturing processes take this form. Recent DEA literature tend to concentrate on closed serial supply chain processes, that is where the outputs from one stage become the inputs to the next stage, and where no other inputs enter the process at any intermediate stage (Sharma and Yu, 2011) .
In this chapter we examine a more general problem of multi-echelon closed loop supply chain. Here, some outputs from one stage become inputs to the next stage which we call carryover inputs along with the inputs of the existing stage. DEA models are classified with respect to the type of envelopment surface, the efficiency measurement and the orientation (input or output). There are two basic types of envelopment surfaces in DEA known as constant returns-to-scale (CRS) and variable returns-to-scale (VRS) surfaces. Each model makes implicit assumptions concerning returns-to-scale associated with each type of surface. Charnes et al.(1979) introduced the CCR or CRS model that assumes that the increase of outputs is proportional to the increase of inputs at any scale of operation. Banker et al. (1984) introduced the BCC or VRS model allowing the production technology to exhibit increasing returns-toscale (IRS) and decreasing returns-to-scale (DRS) as well as CRS.
Several studies in the literature have underlined the practical importance of supply-chain performance measures. Gunasekaran and Patel (2004) argue that frequent evaluation and benchmarking of supply chain outputs are necessary for companies to achieve their SCM objectives. Supply chain measures are crucial for the coordination of cross-functional and inter-organizational activities in SCM, and for forming long-term alliances among firms in the chain (Gunasekaran et al. (2001)). Performance measures at the supply chain level can serve to identify improvement opportunities, coordinate efforts of different parties, and make contracting and risk sharing justifiable in a supply chain. Finally, detailed activity analysis of supply chain processes can be time and resource consuming (Homburg (2001) ). Supply chain measures can help supply chain members focus on primary symptoms at the supply chain level first, and then determine where to perform a more detailed activity analysis for the lower-level and firm-specific operations. We extend the DEA methodology to examine closed loop serial supply chains. We represent the overall efficiency of such supply chains in multiplicative and additive weighted average of the efficiencies of the individual components or stages of the serial supply chain. The models therefore allows one to evaluate not only the overall performance of a serial supply chain, but as well represent how that performance decomposes into measures for the individual components of the network (Cook et al. (2010) ). In this paper we modify the standard DEA model by taking into account the series relationship of the multi-stages/processes within the overall process. Under this framework, the efficiency of the overall process can be decomposed into product of the efficiencies of four process cycles.
The rest of the paper is organized as follows. In section 2, we propose two models of efficiency decomposition namely, multi-echelon DEA multiplicative model and multi-echelon DEA additive model. The proposed models assume constant returns to scale (CRS). In section 3, we discuss model application. Finally our conclusions are presented in section 4.
Multi-Echelon Data Envelopment Analysis Models
A process is defined as an activity that transforms or changes inputs into a new output. A process map is a graphic representation of system that contains a sequence of steps that are performed to produce some desired output. The primary goal behind process mapping is to make complex systems visible. Once the system is depicted and understood, the maps become the focal point for identifying the unnecessary process complexity that arises and leads to inefficiency. The important point here is that process mapping can break down a system into subsystems where the boundaries of a subsystem under analysis depend on the problem being studied. Therefore, it also becomes important to decide the extent of the supply chain for which mapping is conducted. As already mentioned, a supply chain is made up of a series of manufacturing or service processes, including procurement, new product development, transformation of raw materials, delivery, and customer service.
Multi-Echelon DEA Multiplicative Model
Consider the c-cycle process pictured in figure 2. Suppose we have n DMUs and that each DMU j (j = 1, 2,…., n) has m inputs to first stage, and S outputs from this stage, z sjo , s = 1, 2,…, S. These S outputs then become the inputs to the second cycle and . (1979) ), the constant returns to scale (CRS) efficiency scores for DMU jo can be calculated in the following CCR models respectively:
Subject to,
Multi-Echelon DEA Additive Model
The multi-echelon DEA multiplicative model is restricted to CRS situations. The current section of this chapter develops linear models for DMUs that have multiple stages, having its own inputs and carry over inputs in closed loop chains. In this section we obtain an additive efficiency decomposition of the overall efficiency score. The advantage of additive efficiency decomposition is that we can also study performance under assumptions of both constant returns to scale (CRS) and variable returns to scale (VRS) (Chen et al. (2009) 
represent the total amount of resources consumed by the processes. Thus the overall efficiency of the process cycles can be determined by the following problem:
Subject to, Figure 2 . A serial multi-echelon DEA with inputs, carryover inputs, and outputs
subject to,
Model Application
As already mentioned at the outset, a supply chain is a sequence of processes and flows that take place within and between different stages and combine to fill a customer need for a product with an objective to maximize the overall value of the supply chain. Previous studies evaluated supply chain in stages ignoring the essence of processes that knits the stages of supply chain. Therefore evaluating supply chain processes and subprocesses will help to effectively analyze supply chain as a whole. Davenport and Short (1990) , define `processes a set of logically related tasks performed to achieve a defined business outcome' and suggest that processes can be divided into those that are operationally oriented (those related to the product and customer) and management oriented (those that deal with obtaining and coordinating resources).
Multi-Echelon DEA Multiplicative Model Results
We apply our proposed models to 11 supply chain data. There are three inputs from the first cycle SI1 (purchased item), SI2 (direct material cost), and SI3 (operating cost) and two outputs from the first stage SO1 (on time ship rate), and SO1 (delivery schedule adherence). In the second cycle there are carryover inputs from the first cycle and their respective three inputs in the second cycle namely MI1 (bill-of-materials), MI2 (usage quantity), and MI3. The outputs in the manufacturing cycle are MO1 (finished product cycle time), and MO2 (end item), the finished product sold to the customer. The third cycle constitute the carryover inputs from the manufacturing cycle and its own inputs, namely DI1 (technological functionality), DI2 (sale order by FTE), and DI3 (logistics cost). The outputs in the replenishment process cycles are DO1 (fill rate), and DO2 (cycle inventory). The inputs in the fourth cycle are RI1 (technological functionality), RI2 (sale order by FTE) along with the carryover inputs from the replenishment process cycle. The outputs in the customer order cycle are RO1 (order fulfillment cycle time) and RO2 (cycle inventory). The multi-echelon CCR results of multiplicative models of 1 -5 are reported in table 1. The overall efficiency of supply chains are reported in column 2 under the heading θ*. The individual efficiency scores of each cycle are reported in columns 3, 4, 5, and 6 starting with the (procurement cycle), (manufacturing cycle), (replenishment cycle), and (customer/retail cycle). The overall efficiencies of DMUs 1, 6, and 7 are reported to be efficient with score of 1.00. Table 1 Results of multi-echelon DEA multiplicative model
The systematic decomposition of efficiency score of 1.00 is found for all the echelons of DMU 1, DMU 6, and DMU 7. DMU 9 shows the lowest overall efficiency score of 0.25, however the decomposition for is 0.50, is 1.00, is 0.72, and is 0.73, with lowest score of echelon one. The second lowest score is 0.30 of DMU 5 with efficiency decomposition of 0.68 for , 0.65 for echelon , 0.89 for echelon , and 0.79 for echelon . It is to be noted that among the scores of these two DMUs, DMU 9 has greater variability in the efficiency score in the echelons compared to DMU 5, although there is a slight difference in the efficiency score. The fluctuation in efficiency scores of the echelons in DMU 9 has a range from 0.50 to 1.00. However, the variability in the efficiency scores of the echelons in DMU 5 is less ranging from 0.68 to 0.89 and therefore the overall score tends to be more than DMU 9, although no echelons in DMU 5 has an efficiency score of 1.00
Multi-Echelon DEA Additive Model Results
In this section we apply our proposed multi-echelon DEA additive models to supply chain data. Table 2 reports the results from model 11 to 16 where the second and third column displays the overall efficiency scores and the ranks of 11 DMUs. 
where ξ 1 , ξ 2 , ξ 3 , and ξ 4 are user specified parameters with the help which a sensitivity analysis on the weights can be performed and compared with the optimal weights derived from the decision variables. The results with optimal weights in table 2 ranks DMU 3 with score of 0.79 as first followed by DMU 7 and 6 with scores of 0.77 and 0.73 as second and third respectively. As already mentioned, the weights of DMU 6 and 7 ≈ 0.25. It is interesting to note that by imposing user restriction weights, the ranking of the DMUs changes and the overall score decreases. The score of DMU 3 decreases to 0.65 and its rank goes down to third place whereas the ranks of DMU 7 and 6 remain same and their ranks goes up to first and second place. It is to be noted that their weights were ≈ 0:25 in optimality. In user defined weight restriction the scores of highest ranking DMU goes down from 0.79 to 0.77 and the lowest ranking DMU 0.50 goes down to 0.40. 
Conclusion
This paper develops DEA approach for DMUs that have general multi-echelon closed loop structure. We first examine closed loop serial supply chain processes where each stage has its own inputs and at the same time uses carryover inputs from the previous stage. This is the case for all the intermediate echelons but not for the polar echelons. For instance, the first echelon that constitute the supplier stage do not have any carryover inputs as it is the polar echelon of the closed loop supply chain. The retailer stages do not have carryover inputs as this input is finally consumed by the consumer as output. The proposed models i.e. multi-echelon DEA multiplicative, and additive models that we have developed, adopt an alternative view of efficiency decomposition four-echelon supply chain structure.
For the multi-echelon DEA additive model we also propose user defined weights with ξ 1 =ξ 2 = ξ 3 = ξ 4 = 0.25in addition to use of weights by virtue of optimization process. With this we conducted a sensitivity analysis of ξ of the θ * with respect to weights from test of optimality. It is interesting to note that by imposing user restriction weights, the ranking of the DMUs changes and the overall score decreases. The score of DMU 3 decreases to 0.65 and its rank goes down to third place whereas the ranks of DMU 7 and 6 remain same and their ranks goes up to first and second place.
We develop the multi-echelon DEA models to evaluate the efficiency of firms. In these models, firms' production processes in multi-echelons are interrelated. The empirical application shows that using conventional DEA models could lead to significantly biased evaluation results in multi-stage production situations. Following the concepts of multi-echelon DEA models, we propose an evaluation approach for production networks using user defined weights. The approach can provide specific evaluation results to firms according to their importance in the chain.
We also show that breaking down the production processes of supply networks for evaluation can generate more practical insights in how to improve the supply network performance, either in terms of technical or scale efficiencies.
The multi-echelon DEA models developed in this paper can be applied to a wide range of practical situations, including evaluating the effect of investments in IT systems and environmental improvements, human resources and the pollution effect etc. The multi-echelon DEA model can benefit these studies by providing a more accurate estimation of firms' performance over time. In the multi-echelon DEA models the assumption of sequential flow of inputs and outputs may be relaxed to give rise to a complex model that can best fit the real world scenario.
